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We suggest that Dalitz plots for 3?r decays and annihilations are “measurements ” of ~71 scattering in the 
double spectral region. Veneziano’s formula for crossing-symmetric Regge trajectories both justifies 
the external mass extrapolation and correctly predicts the experimental results. It also fulfils Adler’s 
self-consistency condition if flP( w$) = 4. 

Recently Veneziano [l] gave a simple formula 
which exhibits the Regge pole = resonance duality 
[z]. We show here how this new development in 
Regge theory can be applied in a rather unexpect- 
ed direction, to explain three-particle final state 
interactions. These then provide direct experi- 
mental evidence that Veneziano’s formula is not 
a mere model, but is approximately true in na- 
ture. There is also reason, from at least seven 
parallel predictions, to believe it connected with 
chiral symmetry. 

To start, consider xIT+v- elastic scattering. 
There are no u channel resonances, since these 
would have isospin 2, while the s and t channels 
are identical. Veneziano’s formula [l] then re- 
quires exchange-degeneracy between the fo and 
p trajectories (in agreement with experiment [3]) 
and gives for the v+v- scattering amplitude 

A(spt) = - p 
Ul - 4s)) r(l - iJ (0) 

l-(1-o!(S)-a(t)) 

l-(1 -a(s)) l-0 - a(t)) + . . . 
+y r(2-a(S)-a(t)) 

(1) 

The vv amplitudes for the three isostates in the 
s channel will be 

A0 = f[A(s, t) +A(s,u)] - $A(t,u) , 

A1 = A(s, t) - A(s,u) , (2) 

A2 = A(t, u) . 

/3 in (1) is a constant, and its coefficient con- 

tains, besides the p and fo trajectories, unit- 
spaced daughters of alternating isospin. The y 
term contains the daughters only (and might can- 
cel them), while further terms start with the 
second daughter. Veneziano’s formula is only 
strictly valid when the trajectories are exactly 
linear, so that resonances are approximated by 
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poles [4]. 
Now consider what happens when we take one 

of the external pions off its mass-shell. Compari. 
son with Feynman diagrams shows that the poles 
of (1) must be in the variables s = (kl + k2)2, 
t = (kl- ki)2, i.e., that the Regge trajectories 
cannot depend kinematically on the external mas- 
ses. Only p, y etc. can therefore vary as we go 
off- shell. Adler’s self-consistency condition [ 5] 
(recall that this is a dynamical constraint, not 
true for individual Feynman graphs) requires (1) 
to vanish when s = t = u = ~2 and one of the pions 
has zero mass. Here ~1 is the physical pion mass. 
The first term of (1) contains a factor 

Q(S) + o (t) - 1 

which will vanish there provided 

(3) 

(u(lL2) = + . (4) 

If we take the p trajectory as linear, and the p 
mass as 764 MeV, this gives op(O) = 0.483 MeV. 
Now ap(s) must deviate from linearity because of 
unitarity corrections, and we can estimate the 
size of these by comparing different determina- 
tions of (~~(0) from Chew-Frautschi plots and 
Regge fits. Our table shows that (4) is true to 
within the accuracy to which we expect the Vene- 
ziano formula itself to hold. Thus the Veneziano 
formula with one term only [y, etc. = 0 in eq. (l)] 
and the experimental trajectory predicts Adler’s 
self-consistency condition. (We shall denote such 
parallelisms, when a chiral symmetry prediction 
is also a Veneziano prediction, by roman nume- 
rals. This is I.) Either this is coincidence and 
the higher terms just happen to cancel at this 
point, or else there really is only one Veneziano 
term present in the ~TB case. We shall assume 
the latter. 

The same Regge trajectories will occur wher- 
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Old 

New 

Table 1. 
Old and new determinations of the 

Method 

Regge fit to charge-exchange [21] 

Finite energy sum rule [3] 

Linear interpolation between the 
dip and the p 

Linear extrapolation from the 
p and g 

Soft pion theorem 

Fit  to 7/decay (data of ref .  17) 

Fit  to Tdecay (data of ref .  19) 

) intercept 

~p(O) 

0.57 i 0.01 

0.55 

0.485 

0.462 

0.483 

0.491 * 0.002 

0.528 * 0.006 

e v e r  a l l  f o u r  e x t e r n a l  p a r t i c l e s  have  the quan tum 
n u m b e r  of the pion. If one i s  a z e r o  m a s s  p ion,  
then  A d l e r ' s  s e l f - c o n s i s t e n c y  cond i t ion  m u s t  a-  
ga in  hold.  To get  the  r e q u i r e d  z e r o s  f r o m  the  
V e n e z i a n o  f o r m u l a ,  a l l  ac tua l  p a r t i c l e s  wi th  the  
p i o n ' s  quan tum n u m b e r s  m u s t  s a t i s fy  

1 q p ( m  2) = ~ + n , n =  1, . . .  O, 2, (5) 

T h i s  i s  r e a s o n a b l e ,  s i nce  the d a u g h t e r s  of the  
p i o n ' s  R e g g e  r e c u r r e n c e  would  be  ju s t  h e r e  fo r  
p a r a l l e l  t r a j e c t o r i e s .  A d l e r ' s  s e l f - c o n s i s t e n c y  
cond i t i ons  thus  r e q u i r e s  q u a n t i z a t i o n  of the  e x -  
t e r n a l  m a s s e s ,  wh ich  i s  s t r a n g e  v i e w e d  f r o m  con-  
v e n t i o n a l  t h e o r y ,  but  by no m e a n s  unphys i ca l .  If  
a p a r t i c l e  such  a s  77, w h o s e  m a s s  d o e s  not  co in -  
c ide  wi th  a p ion  r e c u r r e n c e ,  d e c a y s  in to  t h r e e  
p ions  t h rough  e l e c t r o m a g n e t i c  o r  w e a k  i n t e r a c -  
t i ons ,  then  V e n e z i a n o ' s  f o r m u l a  p r e d i c t s  that  on-  
ly  one of the t h r e e  sof t  p ion z e r o s  [6] w i l l  o c c u r .  
T h i s  i s  e x p e r i m e n t a l l y  c o r r e c t ,  a s  we  sha l l  see .  

The  l i n e a r  t r a j e c t o r y  which  g i v e s  eq.  (4) and 
the  p m a s s  i s  

a (s) = 0.483 + 0.885 s (6) 

If we now expand the  f i r s t  t e r m  of eq.  (1) a s  a 
s u m  of p o l e s  

A ( s ,  t) = #[ol (s) + ~ (t) - 1] x (7) 

× n l )  (n 
n=0 n 

and d e c o m p o s e  the  r e s i d u e s  in to  p a r t i a l  w a v e s ,  
we ob ta in  the  r e l a t i v e  7nr wid ths  of the v a r i o u s  
d a u g h t e r s :  

p d a u g h t e r  wid ths  P1  : SO = 2 : 9 (8a) 

f O d a u g t h e r  w id ths  DO : P 1  : S 0  = 9 : 10 : 0 
(8b) 

[The  round  n u m b e r s  would  be  e x a c t  i f  ~ = 0. ] 
C h i r a l  s y m m e t r y  a l s o  p r e d i c t s  [7] equa l i t y  of the 
p and e m a s s e s  (II) and the  width  r e l a t i o n  (8a) 
(III). The  l a t t e r  i s  a V e n e z i a n o  p r e d i c t i o n  only i f  
y = 0 in eq.  (1). Subs t i tu t ing  eq.  (6) and the  f i r s t  
t e r m  of eq.  (1) into eq. (2) g i v e s  the  7r~ s c a t t e r -  
l ag  l e n g t h s  

a0  = 0.395fl ,  a 2 = - 0.103 f i .  (9) 

The  r a t i o  i s  wi th in  10% of W e i n b e r g ' s  v a l u e  [8] 
(IV). 

To p r o c e e d  f u r t h e r  we m u s t  g ive  the r e s o n a n c e s  
f in i t e  wid th  by add ing  an i m a g i n a r y  p a r t  to ~ (s) 
fo r  s > 4p 2. U n f o r t u n a t e l y  t h e r e  i s  no c o n s i s t e n t  
way  of doing  th is .  The  r e s o n a n c e s  a t  the s a m e  
m a s s  wi l l  a l l  a c q u i r e  the s a m e  to ta l  width by 
eq.  (7), but  m u s t  have  d i f f e r e n t  e l a s t i c  wid ths  by 
eq. (8), which  c o n t r a d i c t s  e l a s t i c  un i t a r i t y .  A l s o  
the  boundary  of the double  s p e c t r a l  r e g i o n  wi l l  
be  at  s = 4~2 ,  t = 4~2 i n s t ead  of the  c o r r e c t  c u r v e ,  
so that  p a r a l l e l  t r a j e c t o r i e s  at  t h r e s h o l d  v i o l a t e  
the  c e n t r i f u g a l  b a r r i e r  [9]. F u r t h e r m o r e  if ~ (t) 
i s  not  a p o l y n o m i a l ,  eq.  (7) shows  that  the s chan-  
nel  r e s o n a n c e s  wi l l  have  h igh-  spin  " a n c e s t o r s "  
a s  w e l l  a s  d a u g h t e r s .  F o r  the p only,  th i s  l a s t  
d i f f i cu l ty  can  be  avo ided  by not g iv ing  any i m a g i -  
n a r y  p a r t  to the  f i r s t  z e r o ,  i . e . ,  r e p l a c i n g  eq.  (1) 
by 

A ( s , t )  = [0 .885(s , t )  - 0.034] x (10) 

r (1  - ~  (s)) r ( i  - ~  (t)) 
x ~  r ( 2 - a ( s ) - a ( t ) )  

To app ly  V e n e z i a n o ' s  m a r v e l l o u s  f o r m u l a  to ex -  
p e r i m e n t ,  we m u s t  t h e r e f o r e  c l a i m  poe t i c  l i c e n c e  
to ad jus t  I m a  to the  n e e d s  of the m o m e n t .  F o r  
our  f i r s t  a p p l i c a t i o n  the  e width  wi l l  be  m o r e  i m -  
p o r t a n t  than  the p, so we take  

a ( s ) = 0 . 4 8 3  + 0 . 8 8 5 s  + i 0 . 2 8 ~ s -  4~ 2 (11) 

which ,  when eq.  (10) i s  a n a l y s e d  into p a r t i a l  
w a v e s ,  c o r r e s p o n d s  to an e 280 MeV b r o a d .  E x -  
p e r i m e n t a l l y  [10] i t  s e e m s  to be  b e t w e e n  250 and 
500 MeV. 

Now we con t inue  one of the e x t e r n a l  p ions  to 
a l a r g e  p o s i t i v e  m a s s ,  i . e . ,  we c o n s i d e r  the  37r 
d e c a y  of a p a r t i c l e  wi th  the s a m e  quan tum n u m -  
b e r s  a s  the  pion.  T h i s  wi l l  have  the s a m e  R e g g e  
t r a j e c t o r i e s  a s  7rTr s c a t t e r i n g  so the V e n e z i a n o  
f o r m u l a  can  only d i f f e r  in the v a l u e s  of /3, y, e tc .  
in eq.  (1). With  a s i ng l e  V e n e z i a n o  t e r m ,  we can  
then  p r e d i c t  e v e r y t h i n g  e x c e p t  the  to t a l  decay  
r a t e .  The Da l i t z  p lo t  d e n s i t i e s  f o r  v a r i o u s  c h a r g e  
c o m b i n a t i o n s  shou ld  be  

[X i --* ~r+Tr+Tr T] = N Id (s, t )l 2 , (12a) 
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iX + ~ ~±~ono] = iX o _~ 7r+TT-no] = (12b) 

= } N I ~  (t, u) - A ( s ,  t) - A ( s ,  u)] 2 , 

(12c) 

iX ° ~ 37r °]  =~ ¼NIA (s , t  ) + A ( s ,  u) + A( t ,  u ) ] 2 .  

Here  N i s  a normal iza t ion  constant,  s, t, u a re  
the squares  of the m a s s e s  of the final dipion com- 
b ina t ions  ( symmet ry  shows which). If the decay 
p roce s s  couples to all  yT~ resonances ,  the A ( s ,  t) 
i s  given by eqs. (10) and (11). 

Thus,  if the Veneziano formula  rea ly  de sc r i be s  
the in t e r fe rence  of s and t channel Regge t r a j ec to -  
r i e s ,  then it must  n e c e s s a r i l y  a lso  desc r ibe  how 
over lapping r e sonances  in t e r f e re  in t h r e e - p a r t i c l e  
decays.  Trad i t iona l ly ,  over lapping r e sonances  in 
i sobar  models  have s imply been added in the ma-  
t r i x  e lement ,  though the c o r r e c t n e s s  of this has 
been  doubted [11]. According to the Veneziaao 
formula ,  duali ty should occur ,  expressed  by the 
equali ty of the s and t channel  fo rms  of eq. (7). 
We shall  now test  this  exper imenta l ly .  

In addit ion to the c lass ic  K ~ 3~ and 7 / ~  3y 
decays,  it  is  i n t e res t ing  to consider  pn ~ ~+~r-n- 
at r e s t ,  because  the ini t ia l  state is  known exper i -  
menta l ly  [12] to be en t i re ly  1S0, as  we might ex- 
pect at threshold.  This  has the quantum n u m b e r s  
of the pion. No p is  observed in the 3n Dali tz plot 
[12]. We therefore  have to remove  the leading 
t r a j e c t o r y  f rom the Veneziano formula  by c r o s s -  
ing out the f i r s t  factor of eq. (10). This  decoupl-  
ing of the p is  a pure ly  phenomenological  a s sump-  
t ion,  but any theory of final state in t e rac t ions  ap-  
plied to this  decay is  forced to make it, as  there  
is  nothing in the f inal  state to forbid p. Taking a 
s ingle  Veneziano t e r m  in eq. (12a), we then have 
a 1½ p a r a m e t e r  fit, s ince the no rma l i za t ion  is  
not predic ted  and the • width is  only roughly known 
f rom other exper iments .  The 0.28 in eq. (11) was 
in fact obtained f rom this  fit. The resu l t ing  Da- 
l i tz plot i s  shown in fig. 1. The ag reemen t  would 
probably  be st i l l  be t te r  with a more  complicated 
Im a (s) to make the • b roade r  below than above 
(in accord with other evidence [10]), but it  i s  a l -  
ready r e m a r k a b l y  good for so few p a r a m e t e r s .  
This  s t range  Dalitz plot i s  just  what to expect 
f rom the Veneziano formula .  The c r i s s - c r o s s  of 
ve r t i c a l  and hor izontal  poles,  with diagonal ze ros  
to cancel  the double poles at the i r  i n t e r s ec t i ons  
[4], i s  c lea r ly  v is ib le .  The hole in the middle 
comes  f rom the zero at ~ (s) + ot (t) = 3, and thus 
c o n f i r m s  that this i s  not fi l led in  by secondary  
Veneziano t e r m s .  Even more  spec tacular  is  the 
enhancement  at the upper r ight  edge. Any naive 
i soba r  model must  a t t r ibute  this  [13] to a s t rong 
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Fig. 1. Dalitz plot and its projections for ~n ---,n--a--~ ~- 
at rest (data of ref. 12). The solid curves and contours 
are from the Veneziano formula with the trajectory (11)~ 

the dashed curve is phase space. 

low energy 7U~- in te rac t ion  in the i sosp in  2 state 
- a most  unpalatable  hypothesis.  Here  it c o r r e s -  
ponds to the reg ion  where  s and t a r e  both la rge  
and posi t ive,  and demons t r a t e s  the blow-up of 
the double spec t ra l  function in this  d i rec t ion ,  for 
a theory with r i s i n g  Regge t r a j e c t o r i e s  Accord-  
ing to the Veneziano formula ,  this  Dali tz plot is  
a window through which we can observe  7rTr scat-  
t e r ing  in the double spec t ra l  region.  F u r t h e r -  

266 



Volume28B, mtmber 4 P H Y S I C S  L E T T E R S  9 December 1968 

m o r e ,  as  the p decouples ,  Venez i ano ' s  fo rmula  
says  the fo wil l  a l so  decouple ,  so the second bump 
in fig. lb  must  be the long sought p ' .  Since eq. (11) 
evident ly  f i ts ,  we can use it to d e t e r m i n e  the p '  
m a s s  and width as  1310 and 400 MeV, which seem 
rea sonab le  va lues  for  the e l e c t r o m a g n e t i c  fo rm 
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2.(; 
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N/,.p 

1.3 

Q? 

2.( 

/ / 'S i 

' ~1o ' o'1~..2._ Q~ o'16 

i K'-~ (~-" ~'- )'It; 

008 00~ OIC m2 011 0'12 

K° ~(~* It-)~ ° -~l. 
K ° - - 0 ~ o ~ o } ~  * 

T • ~ "~ ~t l 

Fig. 2. Spectra (divided by phase space) for the bracket- 
ed ~'~ combinations in various 7/ and K decays (data of 
refs. 17-19). The solid curves are zero-parameter pre-  
dictions using eq. (11), the dashed curves are one-pa- 
rameter fits relaxing the soft pion constraint (see 

table 1). 

f ac to r s  [14]. 
Now we cons ider  ~ and T decay,  which behave 

accord ing  to p reva len t  t heo r i e s  [e.g. 15] as  if 
the ini t ia l  pa r t i c l e  had the quantum num ber s  of 
the pion. Here  we do not of course  decouple the 
p, s ince the f i r s t  fac tor  of eq. (10) wil l  au tomat i -  
cal ly  give the z e r o  r equ i r ed  by soft pion theory  
for  T decay [16] (V), and one of i ts  z e r o s  [6] for 
77 decay (VI). As we explained above [eq. (5)] 
t he re  is  only one z e r o  because  the T/ m a s s  does 
not coincide with a pion r e c u r r e n c e .  No a r b i t r a r y  
assumpt ion  about l inear  m a t r i x  e l emen t s  is  now 
needed. Var ious  nTr spec t ra  divided by phase space 
a r e  shown in fig. 2. (We did not a t tempt  pion 
m a s s - d i f f e r e n c e  co r r ec t i ons .  ) The solid cu rves  
a r e  z e r o - p a r a m e t e r  p red ic t ions  (since the total 
decay ra te  does not enter) ,  obtained by subst i tut-  
ing eqs.  (10) and (11) into eqs.  (12a) and (12b). 
F o r  ~7 decay [17] the ag reemen t  i s  obviously ex-  
cel lent ,  but for T decay though most  of the ex-  
p e r i m e n t s  [18] fit, the l a r g e s t  [19] if  taken l i t e r -  
al ly (this is  p r e l i m i n a r y  data unco r r ec t ed  for  
sy s t ema t i c  e r r o r s )  suggests  some d isc repancy .  
The dashed l ines  in fig. 2 a r e  o n e - p a r a m e t e r  f i ts  
in which the soft pion const ra in t  eq. (4) was r e -  
laxed. The resu l t ing  ap(0) a r e  shown in table 1. 
We see that the spread  in the new de te rmina t ions  
i s  l e s s  than that in the old ones. 

It s e e m s  to us that these  expe r imen ta l  succes s -  
es  a r e  a good reason  for  taking the Veneziano 
formula  se r ious ly ,  not as  a model ,  but as  an ap-  
p rox ima te  theory of the s t rong in te rac t ions .  The 
quantity of prev ious  paper s  on the subject  shows 
how non- t r iv i a l  it is  to account for the T and 77 de-  
cay final state in te rac t ions  without confl ict ing 
with o ther  v~ evidence.  Unless  we be l i eve  in a 
low m a s s  i sospin  2n~ resonance  or  v i r tua l  bound 
state ,  ~n ~ 3n has no other  explanation at all .  
With appropr ia te  t r a j e c t o r i e s  our theory  can be 
applied w h e r e v e r  three  p a r t i c l e s  occur  with de-  
finite total  spin. We emphas ize  that I m a  (s) should 
be chosen in each p rob lem to give the widths of 
the pa r t i cu l a r  contr ibut ing r e sonances  - t he re  
can be no un ive r sa l ly  val id  formula  for  it. 

Pe rhaps  the mos t  exci t ing p rospec t ,  however ,  
is of unifying Regge theory  and cu r r en t  a lgebra .  
More p a r a l l e l i s m s  and convergent  r e su l t s  can 
eas i ly  be d i scovered .  Thus, s ince the Veneziano 
fo rmula  ex t r apo la t e s  c o r r e c t l y  f rom mn to 2raN, 
it should convey us safely f rom 0 to m K. We then 
get for al l  soft meson t h e o r e m s  to hold in nK 
sca t te r ing ,  the obvious SU(3) extension of eq. (4) 

a K , ( m  2)  = ½ , (13) 

p red ic t ing  for pa r a l l e l  t r a j e c t o r i e s  
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m i :  m - (14) 

which  i s  an SU(6) r e s u l t  and t r u e ,  though  the  d e r i -  
v a t i o n  a c t u a l l y  c o n t r a d i c t s  SU(6) b e c a u s e  eq.  (13) 
d o e s  not  a l low v e c t o r  and  p s e u d o s c a l a r  m e s o n s  
to be  d e g e n e r a t e .  Aga in ,  if  the  p ion  c o n s p i r a t o r  
t r a j e c t o r y  i s  p a r a l l e l  to the  p, eq.  (4) g i v e s  

m L -  - 

w h i c h  i s  e x p e r i m e n t a l l y  e x a c t  and a g r e e s  f o r  
m y  = 0 wi th  a d e d u c t i o n  by  W e i n b e r g  [20] f r o m  the  
a l g e b r a  of f i e l d s  (VII). We h a v e  now c o u n t e d  
s e v e n  such  c o i n c i d e n t  p r e d i c t i o n s ,  w h i c h  l e a d s  us  
to c o n j e c t u r e :  

C h i r a l  s y m m e t r y  f o r  so f t  m e s o n s  + a b s e n c e  of 
e x o t i c  r e s o n a n c e s  = V e n e z i a n o  f o r m u l a  wi th  no 
s e c o n d a r y  t e r m s .  

The i m p o r t a n c e  of v e r i f y i n g  t h i s  can  h a r d l y  be  
o v e r e s t i m a t e d  - i t  would  v i r t u a l l y  a m o u n t  to  a 
c o m p l e t e  t h e o r y  of the  s t r o n g  i n t e r a c t i o n s .  

I a m  g r a t e f u l  to  D r s .  C. Schmid ,  M. J a c o b ,  
R. G. R o b e r t s  and F .  W a g n e r  fo r  d i s c u s s i o n s .  
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